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LET M be a closed 3-manifold and let r be a 2-plane field on M. By a recent result of W. 
Thurston [6] extending a theorem of J. Wood [7], T is homotopic to a smooth foliation. 
Furthermore, it is not hard to show (as a corollary to the relative version of Thurston’s 
theorem) that this foliation can be chosen so that every closed leaf is a torus or a Klein 
bottle. Our purpose is to prove a much sharper result which follows quite easily from a 
theorem on closed transversals due to the second author [I, Theorem II]. 
In order to state our result, we recall some definitions. Smooth foliations F,, and 9, 
of codimension 9 on a manifold W are concordant if there exists a smooth foliation of 
codimension q on W x [0, I] that is transverse to W x {i> and induces Fi there for i = 0, 1. 
A concordance is called an integrable homotopy if it is transverse to W x {t} for 0 I r 2 I. 
The two foliations are homoropic if there are foliations 5, of W x (t} (0 I t 5 1) agreeing 
with the given ones for t = 0. 1, such that U0 s ,< 1 Ft is a smooth foliation of codimension 
q + 1 on W x [O. I]. Equivalently, 99 is homotopic to 9, if the corresponding tangent 
plane fields are smoothly homotopic through integrable plane fields. 
We are prepared to state the promised result. 
(*) THEOREM. Ecery smooth foliation 9 of codimension one on a closed 3-manifold is 
both homotopic and concordant to a folration 9’ in which every closed leaf is a torus or a Klein 
bottle. 
That generally there is no hope of opening all the closed leaves is a consequence of 
S. P. Novikov’s celebrated result [3] on the existence of Reeb components in foliations of 
certain 3-manifolds. That foliations with closed leaves of high genus abound on many un- 
likely 3-manifolds (for example, on T3 and on S’ x S2) was observed by the second author 
[I. Theorem I]. but the above theorem shows that the presence of such leaves is forced 
neither by the topology of the manifold, the homotopy class of the foliation, nor its con- 
cordance class. That it is not possible to open any closed leaves by an integrable homotopy 
is immediate from the well known fact that integrably homotopic foliations of a closed 
manifold are conjugate by an isotopy of the manifold. 
The proof of (*) depends on a standard construction for modifying a foliation along a 
closed transversal. Let 9 be a smooth foliation of codimension one on an n-manifold M 
and let d be a smoothly imbedded circle transverse to 9. In addition, suppose that the local 
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orientation of M is not reversed around 6. This guarantees that a closed normal neighbor- 
hood T of u is diffeomorphic to S1 x D”- ‘. If T is chosen so that the normal fibers are sum- 
ciently small, then by [7, Proposition 3. I] the diffeomorphism can be chosen so that Yzr/ T 
corresponds to the product foliation having leaves (61 x D”-’ (U E S’). Replace 91 T by a 
foliation agreeing with 9 near dT and having a Reeb component R along the core of T, the 
leaves which meet 3T being spun asymptotically around the boundary leaf of R. Since this 
foliation of T agrees with 9 near O’T, it fits with .9 / (M - T) so as to define a smooth folia- 
tion 9’ of M. For details, see [7, $2 and $31. 
We note that each closed leaf of 9 which meets c is opened up by this construction. 
while only one new closed leaf (diffeomorphic to S’ x Y’-‘) is introduced. 
LEMMA 1. The foliation 9’ is both homotopic and concordant to the,fbliation .F. 
This lemma is rather well known, but a word about the proof may be helpful. The 
homotopy and concordance are constant on M - T and are chosen on T to be constant near 
8T. Three stages of the homotopy on T for the case in which tj = 2 are illustrated below (also 
see [5, $21, [4, pp. 113-I 151, and [2, Paragraph I .lO]). 
The concordance is obtained by modifying the product foliation of SL x D”-’ x [ - 1, I] 
along the core circle S’ x (0) x (0) and then restricting this modified foliation to 
S’ x D”-’ x [O. I]. 
We turn to the proof of (*). There is a finite covering fi -+ M (at most 4-fold) such that 
the lift 3 of 3 to a foliation of iii is transversely orientable and such that A itself is orient- 
able. In particular. the closed leaves of .F are orientable, hence they are integral homology 
cycles in A?. 
LEMMA 2. Tile set of distinct elements of H,(@; Z) represented by closed Ieaues of‘9 is 
jinite. 
Proof Suppose there is an infinite sequence ([L,]),“=, of distinct homology classes 
carried by closed leaves L, of 3. By [2. Paragraph 3.21 we can assume (passing to a subse- 
quence if necessary) that there is a closed limit leaf L = lim,,, L,. For r sufficiently large. L, 
will be contained in a normal neighborhood of 1.. Indeed, there will be a smooth imbedding 
L x (-1. I)- fi onto this normal neighborhood taking f. x (0) onto L and L x {t} onto 
L,. This is an elementary consequence of the transverse orientability of 9 and the compact- 
ness of L and of each L,. Thus L and L, cobound in a, hence [L,] = [L] for ail sufficiently 
large values of r. This contradicts the hypothesis. n 
In particular, there are only finitely many distinct elements [L,], . . , [L,.] of H2(iq: Z] 
which are represented by closed non-toral leaves Li of .$. 
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We need the theorem on closed transversals [I, Theorem II] mentioned above. It can 
be restated in our present context as follows. 
LEMMA 3. There is an imbedded circle Ci transverse to 3 and rneetirlg Li ill exactly one 
point (I 5 i i r). 
We remark that this lemma is precisely the step in our proof where it is essential to 
require that no L, be toral. 
The prqiection of 6i into M is an immersed circle; hence a small perturbation of ei 
followed by the projection produces an imbedded circle ui transverse to J. We may assume 
that a,, . . . . ci, are pairwise disjoint. 
LEMMA 4. Ever!, closed leqf of .F w3k-h is not a torus or a Klein bottle nwcts JOVE oi 
(1 5 i I r). 
ProoJ Let I!_ be a closed leaf of B missing every ~7~. LetE be a covering leaf of L in 3. 
If [E] = [Li] for some i. then the intersection product of the cycle E with the cycle c?~ is 1 
(Lemma 3), contradicting the fact that L does not meet ran. By the choice of [L,], . . . , [f,,], 
it follows thati: is a torus, hence that L has vanishing Euler characteristic. It is well known 
that the only closed connected surfaces with Euler characteristic equal to zero are the torus 
and the Klein bottle. n 
The local orientation of M is not reversed around any ui. The closed normal neighbor- 
hoods TI. . . , T, of these respective circles may be assumed to be pairwise disjoint. hence a 
foliation 9’ is obtained by the standard modification of 9 simultaneously along every ui. 
This process opens every closed leaf of B that meets at least one I (I 5 i s r) and the on11 
new closed leaves that it introduces are tori. Thus Lemma 4 implies that every closed leaf 
of 6’ is a torus or a Klein bottle. and Lemma 1 implies that 6’ is both concordant and 
homotopic to 9. The proof of (*) is complete. 
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